We establish the existence of a best proximity pair for which the best proximity set is nonempty for a finite family of multimaps whose product is either an A A . As applications, we obtain existence theorems of equilibrium pairs for free n-person games as well as for free 1-person games. Our results extend and improve several well-known and recent results.
Introduction
Let E : E, · be a normed space, A a nonempty subset of E, and T : A → E a singlevalued map. Whenever the equation T x x has no solution in A, it is natural to ask if there exists an approximate solution. where A is compact and convex and T is continuous. However, there is no guarantee that such an approximate solution is optimal. For suitable subsets A and B of E and multimap T : A → 2 B , Sadiq Basha and Veeramani 2 provided sufficient conditions for the existence of an optimal solution a, T a called a best proximity pair such that In this paper, we establish the existence of a best proximity pair for which the best proximity set is nonempty for a finite family of multimaps whose product is either an A κ cmultimap or a multimap T : A → 2 B such that both T and S • T are closed and have the KKM property for each Kakutani multimap S : B → 2
A. As applications, we obtain existence theorems of equilibrium pairs for free n-person games as well as free 1-person games. Our results extend and improve several well-known and recent results.
Preliminaries
Throughout, E : E, · is a normed space, A and B are nonempty subsets of E, 2
A is the family of all subsets of A, coA is the convex hull of A in E, int A is the interior of A in E, C A, B is the set of all continuous single-valued maps, d x, A : inf{d x, a : a ∈ A},
B is called a multimap multifunction or correspondence if T x is nonempty for each x ∈ A. A multimap T : A → 2 A is said to have a fixed point a ∈ A if a ∈ T a ; the set of fixed points of T is denoted by
B is said to be a upper semicontinuous if
A → E is quasiaffine if the set Q x : {a ∈ A : f a − x ≤ r} is convex for every x ∈ E and r ∈ 0, ∞ . The set of all a ∈ A such that a − x d x, A , denoted by P A x , is called the set of best approximations in A to x ∈ E. The multimap P A : E → 2 A is called the metric projection on A. Whenever A is compact and convex, P A is upper semicontinuous with compact and convex values see 8 .
A polytope P in A is any convex hull of a nonempty finite subset D of A. Whenever X is a class of maps, denote the set of all finite compositions of maps in X by X c and denote the set of all multimaps T : A → 2 B in X by X A, B . Let A be an abstract class of maps 9 satisfying the following properties:
1 A contains the class C of continuous single-valued maps; 2 each T ∈ A c is upper semicontinuous with compact values; 3 for any polytope P , each T ∈ A c P, P has a fixed point.
We say that e T is an A κ c -multimap 9 if for every compact set K in A, there exists an A c -multimap 
Assume that one of the following conditions is satisfied:
there exists some y ∈ B such that z ∈ int P −1 y ;
Then there exists b ∈ B such that P b ∅. 
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Proof. Fix i ∈ I n . Since A 0 i is compact and convex, then P A
is a K-multimap and, hence,
As f is surjective and Therefore, S −1 D is closed and hence S is upper semicontinuous. Notice, as f is proper and P y is compact, that S y is compact. Also, as f is quasiaffine, the set
is convex. For a 1 , a 2 ∈ S y , we have f a 1 , f a 2 ∈ P y and hence f a 1 , f a 2 ∈ P A 0 i y i . This implies that a 1 , a 2 ∈ Q y i and, by the convexity of Q y i , y λ : λa 1 1 − λ a 2 ∈ Q y i for each λ ∈ 0, 1 . Thus f y λ ∈ P A 0 i y i and hence f y λ ∈ P y . From this, we conclude that y λ ∈ S y and hence S y is convex. Therefore, S : 
For n 1, let T a f : T 
Therefore, in both cases, the best proximity set T i a f is nonempty and its closedness follows from the continuity of the norm. 
Corollary 4.2. Let A, B i , T i , P i i∈I n be a free n-person game such that
d one of the following conditions is satisfied:
−1 y for some y ∈ B, then there exists some y ∈ B such that z ∈ int P −1 y ; 
